We study the effective field theory for fermions in the color-flavor locked (CFL) phase of high density QCD. The effective theory contains a flavor nonet of baryons interacting with a nonet of pseudoscalar Goldstone bosons as well as a singlet scalar Goldstone boson. The theory is similar to chiral perturbation theory in the one-baryon sector. We explain how to incorporate quark mass terms and study the spectrum as a function of the strange quark mass. Without meson condensation gapless baryon modes appears if the strange quark mass exceeds a critical value m 2 s /(2p F ) = ∆, where p F is the Fermi momentum and ∆ is the gap in the chiral limit. We show that kaon condensation leads to a rearrangement of the baryon spectrum and shifts the critical strange quark mass for the appearance of a gapless mode to higher values.
Introduction
The color-flavor locked (CFL) phase is expected to be the ground state of three flavor QCD at very high baryon density [1] [2] [3] . In this regime the Fermi momentum is much larger than the quark masses and flavor symmetry breaking in the QCD Lagrangian can be ignored. However, at densities that can be achieved in compact stars or heavy ion collisions distortions of the pure CFL state due to non-zero quark masses cannot be neglected. This problem is usually addressed by studying the effect of a non-zero strange quark mass on the solution of a BCS-type gap equation [4] [5] [6] [7] [8] [9] . The effect of the strange quark mass on the BCS solution is governed by the parameter m 2 s /(p F ∆), where p F is the Fermi momentum and ∆ is the gap in the chiral limit. It was recently argued that if weak equilibrium and charge neutrality are taken into account a new phase of QCD, called the gapless CFL phase (gCFL), appears at m 2 s /(2p F ) = ∆ [10] [11] [12] . This phase is characterized by the standard CFL pairing pattern which involves all flavors and colors, but the fermion spectrum contains gapless excitations. Similar phases were also discussed in the context of two flavor QCD [13] and cold atomic gases [14] . The BCS equations predict that for m 2 s /(2p F ) = 2∆ CFL pairing breaks down completely and a transition to a less symmetric phase takes place.
In this work we shall study the effect of the strange quark mass using an effective field theory of the CFL phase. The effective field theory for Goldstone modes in the CFL phase was first discussed in [15] and mass terms were studied in [16, 17] . Bedaque and Schäfer showed that if the strange quark mass exceeds a critical value m s ∼ m 1/3 u ∆ 2/3 the CFL phase undergoes a phase transition to a kaon (or kaon and eta) condensed phase [18] [19] [20] . A kaon condensate appears because the medium tries to reduce its strangeness content as the strange quark mass is increased. Since the energy gap for strange fermions is large but the gap for strange mesons is small, the easiest way to reduce strangeness is to form a Bose condensate of kaons. Kaon condensation is a second order phase transition. The strangeness and energy density carried by the kaon condensate are initially small. However, when m 2 s /p F approaches the energy gap ∆ the strangeness and energy density are of order ∆[p 2 F /(2π 2 )] and ∆ 2 [p 2 F /(2π 2 )], respectively. These quantities are of the same order as the superfluid density and the BCS condensation energy. This implies that kaon condensation leads to a substantial modification of the CFL ground state. In the present work we shall investigate the question how the Bose condensate affects the spectrum of fermions.
QCD at finite isospin density
As a simple illustration for the interaction of a Bose condensate with fermionic excitations we briefly review the computation of the neutrons and proton dispersion relations in QCD at finite isospin density [21] . The effective Lagrangian describing the interaction of low energy nucleons with pions is
where ψ is the nucleon field, Σ = exp(iπ a τ a /f π ) is the pion field, and M is the quark mass matrix. Also, m N is the nucleon mass, f π is the pion decay constant and B determines the pion mass, B(m u + m d ) = m 2 π . In the presence of a non-zero chemical potential for isospin the covariant derivatives are given by iD 0 ψ = i∂ 0 ψ − µ I t 3 ψ and i∇ 0 Σ = i∂ 0 Σ − µ I [t 3 , Σ] with t 3 = τ 3 /2. A positive isospin chemical potential lowers the energy of the neutron and the negative pion and raises the energy of the proton and the positive pion, E N = m N ± |µ I |/2 and E π ± = m π ± |µ I |. This suggests that a gapless pion excitation appears at µ I = m π , and a gapless neutron appears at µ I ∼ 2m N .
The appearance of a gapless pion excitation corresponds to the onset of pion condensation. In the pion condensed phase the expectation value of the chiral field Σ is given by
The critical chemical potential for a gapless neutron to appear in the spectrum is outside the regime of validity of the effective theory, µ I Λ χ ∼ m ρ . However, the effective theory can be used to study how the pion condensate affects the nucleon dispersion relation. The nucleon energy in the pion condensed phase is E N = m N ± m 2 π /(2|µ I |). Note that this result matches smoothly to the dispersion relation in the vacuum at µ I = m π . We observe that once pion condensation takes place there is no tendency for any of the nucleon states to become gapless. We also note that for µ I > m π the eigenstates of the Hamiltonian are mixtures of neutron and proton states.
This phenomenon can also be studied using a nonlinear representation for the chiral field. Defining Σ = ξ 2 we can write the nucleon part of the effective Lagrangian as
and the vector and axialvector currents are given by
The linear chiral theory given in Eq. (1) leads to g A = 1, but chiral symmetry does not determine the value of the axial coupling constant. The covariant derivative takes into account the interaction of the pionic iso-vector current with the nucleon. In the pion condensed phase there is a repulsive interaction between the iso-vector charge of the neutron and the pion condensate which cancels the shift of the neutron mass due to the chemical potential. In addition to the vector interaction, which is diagonal in flavor, there is off-diagonal mixing caused by the axial-vector interaction. This interaction, however, is suppressed by the large mass of the nucleon and does not affect the dispersion relation at leading order in the chiral expansion.
Effective field theory for baryons in the CFL phase
In the CFL phase we start from the high density effective Lagrangian [22] [23] [24] 
Here, ψ L,R are left-and right-handed quark fields which transform as
is the local Fermi velocity. We have suppressed the spinor indices and defined ψψ = ψ α ψ β C αβ , where C is the charge conjugation matrix. The traces run over color or flavor indices. M is the quark mass term, and X, Y are fields that transform as
We will assume that the vacuum expectation value is X = Y = 1. This corresponds to the CFL gap term
For simplicity we have assumed that the gap term is completely anti-symmetric in flavor. This assumption is satisfied to leading order in the strong coupling constant. Our results are easily generalized to allow for a small admixture of a flavor symmetric gap. We will derive the effective Lagrangian in the chiral limit M = M † = 0. The effect of the leading order mass term in Eq. (6) is easily recovered using the symmetries of the effective theory.
We can redefine the fermion fields according to
In terms of the new fields the Lagrangian takes the form
We can now integrate out fermion loops. Our aim is to derive an effective theory for Goldstone bosons interacting with heavy fermions. From the construction of the theory it is clear that the heavy fermions can no longer occur in loops. Casalbuoni and Gatto showed that fermion loops generate a kinetic term for the chiral fields X and Y [15] (11)
Here we have ignored the flavor singlet components of X and Y since they are not important for the baryon spectrum. The low energy constants f π and v π were calculated in [16] , see also [18, [25] [26] [27] . The results are
The gluon field acquires a mass due to the Higgs mechanism. This implies that the gluon is heavy and can be integrated out. Using Eq. (11) we get
This result can be substituted back into the Lagrangian for the heavy degrees of freedom. The result can be simplified by using the gauge choice X = Y † = ξ . The Goldstone boson field is given by
is defined by the transformation law Σ → LΣR † together with Σ = ξ 2 . For global flavor transformations
In general, U(x) depends on the Goldstone boson field. We will also perform a further field redefinition for the fermion field,
The fermion field transforms as N → UNU † . In agreement with the general analysis of the symmetries of the CFL phase we find that the fermion excitations are described by a field that transforms as a nonet of flavor SU (3) . The field N transforms under U(1) B as N → exp(iφ)N whereas the original quark field transformed as ψ → exp(iφ/3)ψ. We conclude that N describes a baryon nonet. The effective Lagrangian for the baryons is , N] and, to leading order in α s and 1/p F , D = F = 1/2. The vector and axialvector currents are given by
Up to the presence of the gap terms, and some kinematic differences, this result has the same structure as the Lagrangian of flavor SU(3) baryon chiral perturbation theory. This is in agreement with the general arguments presented in [28] that the CFL phase is indistinguishable from a hyper-nuclear phase. We note, in particular, that the interaction of the baryons with the vector current is entirely dictated by chiral symmetry. Symmetry arguments can also be used to determine the leading mass terms in the effective Lagrangian. Bedaque and Schäfer observed that X L = MM † /(2p F ) and X R = M † M/(2p F ) enter Eq. (6) like left-and right-handed flavor gauge fields. We can make the baryon effective Lagrangian invariant under this gauge symmetry by introducing the covariant derivatives
The terms involving X L , X R are corrections of order M 2 /(p F ∆). The CFL phase has an approximate U(1) A symmetry which forbids terms linear in M. We performed a detailed study of mass corrections in high density QCD in [17] . We showed, in particular, that in addition to the X L,R terms included in Eq. (6) there are other O(M 2 ) terms which generate corrections of O(M 2 /p 2 F ). These terms are suppressed by a factor of ∆/p F compared to the terms in Eq. (17) .
There are two types of O(M 2 /p 2 F ) terms. The first category contains N † N terms that are of the same structure as higher order corrections to the baryon sigma term in ordinary baryon chiral perturbation theory. An example is the term Tr(
The second category consists of O(M 2 ) corrections to the gap. Chiral symmetry allows both terms like Tr(φ 2 + ) Tr(NN) that do not violate the flavor symmetry of the gap term, and terms like Tr(φ + Nφ + N) which break the symmetry. We note, however, that if we restrict ourselves to flavor anti-symmetric gap terms then we find that in the trivial vacuum ξ = 1 there is no flavor symmetry breaking in the gaps.
Baryon spectrum
In the following we shall restrict ourselves to terms of order O(M 2 /(p F ∆) ). The baryon spectrum in the CFL phase is determined by 
We shall study the energy of particle and hole excitations as a function of the effective chemical potential µ s = m 2 s /(2p F ), neglecting terms of order m 2 u , m 2 d . We will focus on the minimum energy required to create an excitation.
In the CFL vacuum we have ξ = 1. As a function of µ s the excitation energy of proton and neutron particles, as well as Ξ − , Ξ 0 holes, is lowered, ω p,n = ∆ − µ s , while the energy of Ξ − , Ξ 0 particles and proton and neutron holes is raised, ω Ξ = ∆ + µ s . All other excitation energies are independent of µ s . As a consequence we find gapless (p, n) and (Ξ − , Ξ 0 ) −1 excitations at µ s = ∆. This result is in agreement with the fermion spectrum in "microscopic" calculations. 1 Note that in microscopic calculations the energy shift is a combination of the effective chemical potential µ s and a color chemical potential required to keep the system color neutral. The effective theory is formulated in terms of gauge invariant variables and no color chemical potential is required. The physical effect of the color chemical potential is taken into account through the fact that, after integrating out the gauge field, the effective chemical potential acts on fermion fields in the adjoint rather than the fundamental representation of flavor SU (3) .
When the effective chemical potential µ s exceeds the mass of the kaon the ground state changes and a Bose condensate of kaons is formed. If isospin was an exact symmetry the energy of a K + or K 0 condensate would be exactly degenerate. In the real world, because m u < m d , and because of the constraint of electric charge neutrality, a condensate of neutral kaons is favored. In the K 0 condensed phase we have (21) 
, with cos(α) = m 2 K /µ 2 s . In the weak coupling limit we have m 2
where f π is given in Eq. (12) . The vector charge density ρ V remains diagonal in the K 0 condensed phase, while the axial charge density ρ A causes flavor mixing. We first 1 The equivalence between our results and the results of [11] can be checked using the following dictionary between the quark and hadron description: (rd, gu, rs, bu, gs, bd) = (Σ − , Σ + , Ξ − , p, Ξ 0 , n). The remaining (ru, gd, bs) states are linear combinations of the neutral baryons (Σ 0 , Λ 8 , Λ 0 ). analyze the spectrum in the absence of flavor mixing, i.e., for F = D = 0. The isospin and hypercharge components of the vector potential ρ V are given by ρ I 3 = −µ s (1/2 − cos(α)/2) and ρ Y = −µ s (1/4 + 3 cos(α)/4). The excitation energies can now be determined from the (I 3 , Y ) quantum numbers of the baryon nonet. We find
The results are shown in Fig. 1 . We observe that the (n, Ξ 0 ) system is exactly analogous to the (n, p) system in the case of QCD at finite isospin. After K 0 condensation takes place there is no tendency for neutron particle or Ξ 0 holes to become gapless. However, even with K 0 condensation included, the proton excitation energy still drops as a function of µ s . In addition to that a new light mode, the Σ + , appears. The reason is that the K 0 condensate reduces the number of strange quarks at the expense of introducing extra down quarks into the system. As a consequence, there is an attractive interaction for baryons that have an excess of up quarks over down quarks. We note Fig. 1 . Baryon spectrum in the CFL phase as a function of m 2 s /(2p F ) for F = D = 0. The figure shows the minimum energy required to create a particle or hole excitation. We have chosen the gap in the chiral limit to be ∆ = 50 MeV and the critical value of µ s for K 0 condensation to be 10 MeV. The dashed curves show the spectrum without K 0 condensation. In that case, gapless (p, n) particle and (Ξ − , Ξ 0 ) hole excitations appear at m 2 s /(2p F ) = ∆. The full lines show the spectrum with kaon condensation included. In the K 0 condensed phase gapless (p, Σ + ) particle and (Ξ − , Σ − ) hole excitations appear at m 2 s /(2p F ) = 2∆. that nevertheless the critical effective chemical potential for which the proton and Σ + become gapless is twice the corresponding value in the CFL vacuum. When the axial coupling is taken into account there is mixing in the (p, Σ + , Σ − , Ξ − ) and (n, Σ 0 , Ξ 0 , Λ 8 , Λ 0 ) sector. As a consequence the spectrum is more complicated. For µ s m K the spectrum of the charged modes is given by
where p m is the momentum at which the dispersion relation has a minimum. The spectrum of the neutral modes is
where the mode with gap ∆ is doubly degenerate. Numerical results for the eigenvalues are shown in Fig. 2 . We observe that mixing within the charged and neutral baryon sectors leads to level repulsion. There are two modes that become light in the CFL window µ s 2∆. One mode is a linear combination of proton and Σ + particles, as well as Ξ − and Σ − holes, and the other mode is a linear combination of the neutral baryons (n, Σ 0 , Ξ 0 , Λ 8 , Λ 0 ). 
Conclusions
We have constructed an effective field theory for baryons in the CFL phase. We have shown that to O(M 2 /(p F ∆)) mass terms in the effective theory are completely determined by the symmetries of high density QCD. We have computed the baryon spectrum as a function of the strange quark mass and showed that kaon condensation substantially modifies the baryon spectrum. Both with and without kaon condensation we find that light baryon modes appear in the spectrum when m 2 s ∼ p F ∆. We note, however, that kaon condensation increases the estimate for the critical strange quark mass at which gapless modes appear. We also emphasize that a reliable study of the possibility of a gapless phase requires a resummation of terms of all orders in (M 2 /(p F ∆)). Progress in this direction is reported in [29] .
